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REFERENCE:  Underwood,  J.  H.,  Pook.  L.  P.,  and  Sharpies,  J.  K.,  “Fatigue- 
Crack  Propagation  Through  a Measured  Residual  Stress  Field  in  Alloy  Steel,*’  Flaw 
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1977,  pp.  402-415. 

ABSTRACT:  Fatigue  crack-propagation  tests  were  performed  using  5 by  30  mm  cross- 
section  bend  specimens  of  a nickel-chromium-molybdenum  steel.  The  fatigue  crack- 
propagation  rate  was  determined  from  a group  of  stress-free  specimens  by  measuring 
crack  length  on  the  specimen  surfaces  at  intervals  during  cycling.  Residual  stress 
was  produced  in  a second  group  of  specimens  by  using  a localized  plastic  deformation 
process.  Resistance  strain  gages  were  first  applied  near  one  edge  of  each  specimen 
along  the  line  of  intended  crack  growth.  A series  of  1-mm-deep  plastic  indentations 
was  then  made  along  the  opposite  edge  of  the  specimen  using  a 25-mm-diameter 
pin.  The  strain  gages  provided  a direct,  accurate  measure  of  the  elastic,  residual 
stress  produced  on  one  side  of  the  specimen  due  to  the  local  plastic  deformation  on 
the  opposite  side. 

Measured  crack-propagation  rates  in  the  specimens  with  residual  stress  are  com- 
pared with  rates  in  residual  stress-free  specimens.  Crack-propagation  rates  are  lower, 
as  expected,  near  the  edge  of  the  specimen  where  the  initial  residual  stress  is  compres- 
sive. Propagation  rates  remain  lower  even  as  the  crack  grows  deeper  into  the  specimen 
where  the  initial  residual  stress  is  tensile,  which  is  not  what  would  be  expected  from 
a simple  superposition  of  stresses.  However,  an  analysis  involving  the  combination  of 
the  applied  stress-intensity  factor  with  that  estimated  from  a redistribution  of  the 
residual  stress  in  the  specimens  can  account  for  the  lower  crack-propagation  rates. 

KEY  WORDS:  crack  propagation,  fracture  (materials),  alloys 


Nomenclature 

a Crack  depth 
B Specimen  thickness 
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K\  Opening  mode  stress-intensity  factor 
Km ax  K\  at  maximum  load  in  fatigue  cycle 
Km[n  K\  at  minimum  load  in  fatigue  cycle 
Ka  K\  corresponding  to  the  amplitude  of  alternating  load  in  fatigue 
cycle 

Kr  Ki  corresponding  to  the  residual  stress  distribution  at  maximum  load 
in  fatigue  cycle 

Kop  K\  corresponding  to  the  residual  stress  distribution  at  minimum  load 
in  fatigue  cycle 

A K Range  of  K\  in  fatigue  cycle 

A Kr  Range  of  K\  in  fatigue  cycle  including  effect  of  residual  stress 
N Number  of  fatigue  cycles 
Pa  Amplitude  of  alternating  load  in  fatigue  cycle 
Pm  Mean  load  in  fatigue  cycle 
W Specimen  depth 

y Distance  from  notched  edge  of  specimen 
y0  y at  the  point  of  zero  residual  stress 
(tr  Residual  stress  at  y = 0 
<tr]  Bending  component  of  residual  stress  at  y = 0 
aR- ave  Average  residual  stress  over  the  range  a/2  < y < 3a/2 

Fatigue-crack  propagation  in  metal  samples  which  contain  residual  stress 
is  a subject  of  considerable  interest.  In  most  cases,  however,  the  distribu- 
tion and  magnitude  of  residual  stress  are  not  known  with  much  certainty. 
The  uncertainty  is  caused  by  the  fact  that  the  processes  which  produce 
residual  stress  in  a specimen,  such  as  plastic  deformation,  thermal  treat- 
ment, and  metallurgical  phase  change,  nearly  always  preclude  an  accurate 
calculation  or  measurement  ot  residual  stress.  Linear-elastic  analyses  sel- 
dom can  be  used  directly  to  determine  the  residual  stress  which  results 
from  these  processes  because  they  involve  nonlinear  deformations. 

Even  if  the  residual  stress  present  in  a sample  were  known  with  certainty, 
its  effect  on  the  fatigue  crack-propagation  rate  would  be  difficult  to  assess. 
Methods  for  including  the  effect  of  residual  stress  in  fracture  mechanics 
descriptions  of  fatigue  crack-propagation  rate  are  not  at  all  well  developed. 
The  approach  often  taken  is  simply  adding  the  residual  stress  to  the 
applied  stress  on  the  sample  and  using  such  a modified  stress  to  calculate 
K\,  which  is  then  used  to  describe  the  fatigue  crack-propagation  rate  in 
the  usual  manner.  This  approach  seems  correct  for  sufficiently  shallow 
cracks,  that  is,  for  crack  depths  which  are  small  relative  to  sample  di- 
mensions and  relative  to  the  depth  of  the  residual  stress  distribution.  For 
other  than  shallow  cracks,  and  most  real  situations  are  in  this  category, 
the  addition  of  stress  approach  is  merely  an  estimate  of  unknown  accuracy, 
because  the  presence  of  the  crack  may  cause  a basic  change  in  the  residual 
stress  distribution. 
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Based  on  the  foregoing  rationale,  we  planned  a series  of  experiments 
in  which  the  effect  of  an  accurately  measured  residual  stress  on  fatigue 
crack-propagation  rate  could  be  measured,  and  we  planned  to  use  the  re- 
sults to  indicate  an  improved  approach  for  including  residual  stress  ef- 
fects in  a fracture-mechanics  description  of  crack-propagation  rate.  The 
specific  objectives  of  the  work  are  (a)  to  produce  a residual  stress  distri- 
bution in  specimens  of  a high-strength  steel  and  obtain  an  accurate  mea- 
surement of  the  distribution,  ( b ) measure  fatigue  crack-growth  rate  in  the 
specimens  and  in  stress-free  comparison  specimens,  and  (c)  describe  the 
crack-propagation  rate  using  a superposition  of  applied  stress  intensity 
and  the  stress  intensity  determined  from  the  residual  stress  distribution. 

Test  Procedures 

Specimens 

Ten  specimens  were  machined  from  a single  piece  of  forged  steel  of 
the  following  composition:  0.35C,  3.4Ni,  1.8Cr,  O.6M0,  0.5Mn,  0.1V. 
The  yield  strength,  tensile  strength,  and  fracture  toughness  of  the  steel  are 
1210  MN/m2,  1370  MN/m2,  145  MN/m3/2,  respectively.  The  specimens 
were  made  to  the  following  dimensions:  thickness,  B,  5.1  mm,  depth,  Wy 
30.0  mm,  and  length,  200  mm.  A 0.3-mm-deep  notch  with  a 0.05-mm 
root  radius  was  cut  across  the  thickness  of  each  specimen  at  midlength.  A 
photo  of  the  center  portion  of  one  of  the  specimens  is  shown  as  Fig.  1. 

Producing  the  Residual  Stress 

Residual  stress  was  produced  in  six  of  the  test  specimens  by  using  a 


load 


FIG.  1—  Photograph  of  specimen. 
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localized  plastic  deformation  process.  Resistance  strain  gages  were  first 
applied  to  both  sides  of  the  specimen  along  the  line  of  intended  fatigue- 
crack  growth.  In  general,  three  gages  were  applied  to  each  side  in  the  area 
near  the  notched  edge  of  the  specimen  (see  Fig.  1).  A series  of  1-mm  deep, 
5-mm  long  plastic  indentations  were  then  made  along  the  opposite  edge 
of  the  specimen  using  a 25-mm  diameter  pin  mounted  in  a universal  test- 
ing machine.  The  plastic  indentations  can  be  visualized  as  roughly  equiva- 
lent to  a series  of  wedges  driven  into  the  edge  of  the  specimen.  The  strain 
gages  provide  a direct,  accurate  measurement  of  the  elastic  residual  stress 
produced  near  one  edge  of  the  specimen  due  to  the  local  plastic  deform- 
ation along  the  opposite  edge.  The  plastic  deformation  appeared  to  extend 
inward  from  the  edge  about  4 mm,  while  the  strain  gages  were  placed  15 
to  30  mm  from  the  deformed  edge.  So  we  are  quite  sure  that  no  direct 
effect  of  the  plastic  deformation  is  recorded  by  the  gages  but  only  the  in- 
duced elastic,  residual  deformation  of  the  specimen. 

The  measured  residual  stress  data  are  shown  in  Fig.  2.  Each  point  repre- 
sents the  average  strain  from  two  gages  on  opposite  sides  which  has  been 
converted  to  a stress  value  using  the  elastic  modulus.  The  data  are  well 
represented  by  the  straight  line  shown,  with  the  exception  of  the  data 
from  specimen  T-5  which  can  be  represented  by  a quite  similar  line.  We 
attribute  the  difference  for  T-5  to  a higher  indentation  load  for  this  speci- 
men. 

o spec  T-4 

□ spec 


FIG.  2 — Measured  residual  stress  distribution . 
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The  measured  residual  stress  distribution  is  quite  linear  to  beyond  the 
specimen  midpoint,  y/W  — 0.5.  Then,  the  stress  must  drop  sharply  at 
some  point,  possibly  at  y/W  = 0.8,  pass  through  zero  a second  time,  and 
approach  a negative  value  about  equal  to  the  yield  strength  at  the  deformed 
edge,  y/W  — 1.0.  A stress  distribution  of  this  sort  meets  the  basic  re- 
quirements that  forces  and  moments  be  in  balance.  Balance  of  forces  re- 
quires that  the  total  area  above  and  below  the  zero  stress  line  be  equal. 
Balance  of  moments  requires  that  there  be  at  least  three  separate  areas 
above  and  below  the  zero  stress  line,  because  it  is  easy  to  show  that  two 
equal  areas  with  one  above  and  one  below  the  zero  stress  line  will  always 
produce  an  unbalanced  moment. 

The  actual  stress  distribution  as  just  discussed  would  be  difficult  to  in- 
clude in  a fracture-mechanics  analysis.  In  the  analysis  used  here,  we  assume 
that  the  residual  stress  distribution  remains  linear  across  the  full  width  of 
the  specimen.  While  this  is  not  true,  it  may  be  a good  approximation  for 
describing  the  effect  of  residual  stress  on  fatigue  crack  growth  rate  up  to 
the  specimen  midpoint.  In  addition,  a linear  residual  stress  distribution 
can  be  represented  exactly  by  the  superposition  of  two  familiar  stress  dis- 
tributions; namely,  a pure  bending  stress  distribution  shown  as  the  dashed 
line  in  Fig.  2,  and  a uniform  tension  stress  distribution  which  represents 
the  difference  between  the  two  lines  in  Fig.  2.  Further  details  will  be  dis- 
cussed later. 

Fatigue  Tests 

The  fatigue  crack-propagation  tests  were  performed  in  three-point 
bending  using  a lower  support  span  of  120  mm.  The  upper  load  point  was 
centered  on  the  span  and  directly  over  the  strain  gage  and  notch  location 
(see  Fig.  1).  The  load  was  applied  to  the  specimen,  and  the  specimen  was 
supported  by  means  of  the  blunt  knife  edges  with  a tip  radius  of  about 
1.0  mm  which  were  supplied  with  the  fatigue  testing  machine  used  for 
the  tests.  An  electromagnetic  fatigue  machine  was  used,  operating  at  130 
Hz  at  room  temperature.  The  test  conditions  are  listed  in  Table  1,  in- 
cluding the  alternating  and  mean  loads  and  the  measured  residual  stress 
information  for  each  specimen.  For  three  of  the  specimens  containing 
residual  stress,  the  notch  was  deepened  much  beyond  the  initial  0.3  mm 
depth.  This  caused  a significant  change  in  the  fatigue  crack-propagation 
rate  for  equivalent  total  notch  plus  crack  depths  as  shown  later. 

The  crack  length  was  measured  at  intervals  during  the  test  on  both  sides 
of  the  specimen  using  a seven  power  microscope.  For  most  of  the  data, 
the  crack  length  readings  from  the  two  sides  varied  by  less  than  0.5  mm. 
The  average  values  were  plotted  against  number  of  cycles,  a smooth  curve 
was  drawn  through  the  points,  and  the  slope  of  the  curve  was  measured 
at  intervals.  We  make  no  apology  for  this  manual  procedure.  When  it  is 
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TABLE  1 — Test  conditions. 


Specimen 

Number 

Alternating 
Load,  Pa, 
kN 

Mean  Load, 
Pm,  kN 

Residual  Stress 
aty  = 0,  <jr, 
MN/m2 

Position  at  zero 
residual  stress, 
yo,  nim 

Notch  Depth, 
mm 

M-l 

1.25 

1.50 

Stress  Free 

0 

0.3 

M-6 

2.50 

3.00 

0 

0.3 

T-2 

2.50 

3.00 

0 

0.3 

T-6 

3.50 

4.20 

0 

0.3 

T-4 

1.25 

Residual  Stress 

1.50  -108 

7.1 

0.3 

M-4 

2.00 

2.40 

-108 

7.1 

0.3 

T-3 

3.50 

4.20 

-108 

7.1 

0.3 

T-l 

1.50 

Residual  Stress  With  Deep  Notch 

1.70  - 108  7.1 

7.9 

M-5 

1.75 

2.10 

-108 

7.1 

5.0 

T-5 

2.50 

3.00 

-124 

8.0 

4.6 

done  properly,  the  results  are  every  bit  as  reliable  as  those  using  computer 
aided  methods.  Plots  of  crack  length,  a , against  number  of  cycles,  N, 
are  shown  in  Fig.  3 for  six  of  the  specimens  tested.  The  zero  point  for  N 
is  arbitrary,  since  the  concern  here  is  with  da/dN  for  a given  crack  length, 
loading,  and  residual  stress  condition. 


Test  Results  and  Analysis 

Stress-Free  Specimens 

Crack-propagation  tests  were  performed  with  the  stress-free  specimens 
to  obtain  results  with  which  to  compare  the  results  from  specimens  con- 
taining residual  stress.  The  a versus  N data  are  shown  in  Fig.  3,  including 
two  specimens  tested  at  the  same  load.  The  good  agreement  between  the 
two  repeat  specimens  is  apparent  in  the  a versus  N plot  and  in  the  log 
A K versus  da/dN  plot  shown  in  Fig.  4 a.  The  straight  line,  upper  bound  to 
the  growth-rate  data  in  Fig.  4a,  is  typical  of  this  material  [7]. 3 The  devia- 
tions from  the  straight  line  are  larger  than  we  would  expect  for  tests  of 
this  type,  and  the  deviations  appear  to  be  systematic  with  a/W,  as  can  be 
seen  by  the  values  of  a/W  shown  in  Fig.  4 a which  correspond  to  the 
beginning,  middle,  and  end  of  the  tests.  For  a/W  values  above  0.3  the 
deviations  from  the  straight  line  become  significant,  as  indicated  by  the 
dashed  lines. 

3 The  italic  numbers  in  brackets  refer  to  the  list  of  references  appended  to  this  paper. 
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FATIGUE  CYCUS,  /V,  X CFCE/TS  AT  PA~  /25W 

O 400  300  /200  /COO  2000 


FIG.  3 — Measured  crack  length  versus  number  of  cycles. 


Crack  Length  Effect  on  da/dN 

The  deviations  from  the  straight  line  in  the  data  of  Fig.  Aa  can  be  well 
represented  by  using  the  following  modified  AK  function  in  the  log  A K 
versus  log  da/dN  plot 


AKmod  = (1  - [a/W]2yAK  (1) 

The  A K values  are  calculated  in  the  usual  manner  using  the  K relations 
from  Ref  2 . When  the  modified  AK  expression  is  used  to  plot  the  results 
from  the  stress-free  specimens,  the  data  are  all  close  to  the  expected  straight 
line  relation  (see  Fig.  4b).  This  result  led  us  to  the  conclusion  that  for  our 
tests  there  is  a crack  length  effect  on  da/dN  which  is  independent  of  the 
variation  of  AK  with  crack  length. 

The  form  of  Eq  1 was  chosen  arbitrarily  to  fit  the  data.  But  Eq  1 also 
could  be  a representation  of  a crack-closure  effect  as  proposed  by  Elber 
[3],  Crack  length  is  one  of  the  variables  suggested  by  Elber  with  potential 
effect  on  crack-propagation  rate  through  crack  closure.  And  although  crack 
length  was  not  a significant  variable  in  Elber’ s tension-fatigue  tests  with 
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FIG.  4— AK  versus  growth  rate  for  stress  free  specimens’,  (a)  conventional  AK  and  (b) 
modified  AK  function. 


an  aluminum  alloy,  the  bend  tests  with  a steel  alloy  in  this  work  could  be 
affected  by  crack  length.  Alternatively,  Eq  1 could  be  a representation  of 
an  R-curve  effect  in  fatigue-crack  propagation.  Pook  and  Greenan  [4] 
have  suggested  that  the  resistance  to  fatigue-crack  growth  can  increase 
with  the  amount  of  crack  growth  in  a similar  manner  to  the  R-curve  effect 
observed  in  monotonic  loading  of  thin  plate  and  sheet.  Finally,  a sugges- 
tion by  an  anonymous  reviewer  of  this  paper  is  that  the  deviation  from 
the  straight  line  in  Fig.  4 a for  large  a/W  could  be  the  result  of  an  axial 
restraint  applied  to  the  specimen  due  to  the  friction  at  the  specimen  sup- 
ports. Particularly,  as  the  rotation  of  the  specimen  halves  becomes  signifi- 
cant at  large  a/W,  the  friction  between  the  fixed  specimen  supports  and 
the  specimen  could  limit  the  rotation  and  cause  a reduction  in  the  value  of 
A at  maximum  load  and,  thus,  a reduction  in  the  AK  applied  to  the  speci- 
men. 

It  is  not  our  intention  here  to  relate  the  crack-length  effect  on  da/dN  to 
any  particular  process  or  model.  It  is  only  necessary  to  describe  the  crack- 
length  effect  so  that  it  can  be  separated  from  the  effect  of  residual  stress 
on  fatigue  crack-propagation  rate,  the  main  topic  of  interest.  So  the 
modified  AK  function  is  used  in  the  subsequent  plots  of  AK  versus  da/dN. 
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Specimens  Containing  Residual  Stress 

The  results  from  crack-propagation  tests  in  three  specimens  containing 
residual  stress  and  with  a 0.3-mm  notch  are  shown  in  Fig.  5.  Results  from 
similar  specimens,  but  with  much  deeper  notches  of  about  5 mm,  are 
shown  in  Fig.  6.  The  data  are  plotted  using  the  modified  A K function,  and 


FIG.  5— Modified  AK  function  versus  growth  rate  for  specimens  with  residual  stress  and 
a shallow  notch. 


FIG.  6 — Modified  AK  function  versus  growth  rate  for  specimens  with  residual  stress  and 
a deep  notch . 


the  straight  line  shown  is  the  line  which  represents  the  stress-free  results 
in  Fig.  4.  The  AK  values  are  calculated  in  two  ways  in  Figs.  5 and  6.  One 
is  the  conventional  method.  With  the  mean  load  positive  and  larger  than 
the  alternating  load,  and  if  the  effect  of  residual  stress  is  ignored,  then 
AK  has  the  straightforward  definition 


AK  = 2 Ka  for  Pm  > Pa , <?r  = 0 


(2) 
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where  Ka  is  the  K\  value  which  corresponds  to  the  alternating  load  on  the 
specimen. 

The  second  method  for  calculating  A K includes  an  attempt  to  account 
for  the  effect  of  residual  stress  and  is  outlined  as  follows 


AKr  = (Amax  + Kr)  — (Amin  + Kop)  (3) 

where  A KR  is  the  A K including  the  effects  of  residual  stress,  Amax  and  Km\n 
have  the  usual  definitions  of  the  maximum  and  minimum  K\  applied  during 
the  fatigue  cycle,  KR  is  the  K\  value  which  simulates  the  effect  of  the  resid- 
ual stress  at  the  point  of  maximum  load  during  the  fatigue  cycle,  and 
K0p  is  the  K\  value  which  simulates  the  effect  of  residual  stress  at  the  point 
of  minimum  load  during  the  cycle.  The  approach  used  here  is  patterned 
after  the  Elber  [3]  model,  but  the  situation  is  somewhat  different.  In  the 
tests  here,  the  amount  of  crack-tip  plastic  deformation,  as  measured  by 
the  ratio  of  A K to  yield  strength,  is  very  much  lower  than  in  Elber’s  tests. 
Still,  crack  closure  is  believed  to  have  occurred  in  the  tests  here  but  due 
to  presence  of  residual  stress  rather  than  crack-tip  plastic  deformation. 
The  first  term  in  Eq  3 represents  the  reduction  in  the  amount  of  crack 
opening  at  maximum  load  due  to  the  presence  of  residual  stress,  and  the 
second  term  represents  the  delayed  opening  of  the  crack  at  some  point  in 
the  cycle  above  minimum  load  due  to  the  presence  of  residual  stress. 

Redistribution  of  Residual  Stress 

The  procedure  for  determining  values  for  Kr  and  Kop  in  Eq  3 is  dis- 
cussed in  relation  to  the  sketches  in  Fig.  7.  Shown  here  are  the  redistributed 
residual-stress  gradients  that  we  expect  at  maximum  and  minimum  loads 
in  specimens  with  very  short  and  very  long  notches.  The  sketches  depict 
the  situation  in  which  the  total  length  of  notch  plus  crack  is  in  the  same 
order  of  size  as  yo9  which  is  the  situation  for  much  of  the  test  data  pre- 
sented here. 

In  Fig.  7,  and  the  related  discussions,  we  describe  how  the  original  resid- 
ual stress  distribution  in  the  specimens  as  shown  in  Fig.  2 could  become 
shifted  or  redistributed  due  to  the  combined  effect  of  the  notch  plus 
crack  arrangement  and  the  load  condition  of  the  specimen. 

Referring  to  Fig.  7 ( a and  b ),  we  expect  that  a redistribution  of  residual 
stress  has  occurred  at  maximum  load  in  the  fatigue  cycle  and  that  the  final 
redistributed  stress  is  the  same  for  specimens  which  are  predominantly 
notched  or  cracked.  At  maximum  load  neither  the  now  opened  crack  nor 
the  notch  can  support  any  residual  stress,  but  neither  can  they  relieve  any 
residual  stress  because  the  source  of  the  residual  stress  is  on  the  opposite 
side  of  the  specimen.  So  as  an  estimate,  we  expect  that  the  residual-stress 
distribution  formally  present  with  no  crack  or  notch  is  still  present  but  is 
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FIG.  7 — Expected  residual  stress  distribution  for  various  test  conditions. 

shifted  ahead  to  the  crack  tip  as  shown  in  Fig.  7 ( a and  b).  And  the  K\ 
which  corresponds  to  the  shifted  residual-stress  distribution  is  the  KR  in 
Eq  3. 

Referring  to  Fig.  7c,  at  minimum  load  in  the  fatigue  cycle  in  a cracked 
specimen,  we  expect  that  the  residual  stress  distribution  is  unchanged  from 
the  uncracked  situation  because  the  crack  has  no  effect  on  the  compres- 
sive residual  stress.  And  for  this  same  reason  there  is  no  K\  in  this  situation. 

Referring  to  Fig.  Id,  at  minimum  load  in  a specimen  which  is  predom- 
inantly notched,  we  expect  that  the  stress  distribution  is  shifted  to  the  tip 
of  the  notch;  the  Ki  which  corresponds  to  this  shifted  stress  distribution 
is  the  Kop  in  Eq  3 and,  in  addition,  is  approximately  equal  to  KR.  This  is 
a reasonable  estimate  in  the  limit  as  the  crack  ahead  of  the  notch  becomes 
very  small,  and  it  may  remain  a useful  estimate  for  most  of  the  test 
results  here. 

If  the  rationale  discussed  in  relation  to  Fig.  7 is  accepted,  then  Eq  3 can 
be  rewritten  as  follows 


A Kr  = 2 Ka  + Kr  for  cracked  specimens 
AKr  = 2K„  + 2Kr  for  notched  specimens 


(4) 


For  a cracked  specimen  with  a negligibly  small  notch,  Eq  4 describes  the 
reduction  in  A K caused  by  the  addition  of  a negative  K\  due  to  the  residual 
stress.  For  a notched  specimen  with  a small  crack  ahead,  Eq  4 describes  a 
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larger  reduction  in  Ky  because  the  negative  K\  due  to  the  residual  stress 
can  affect  the  applied  K\  at  low  applied  loads  as  well  as  high. 

In  order  to  determine  A Kr  from  Eq  4,  an  expression  for  Kr  is  needed. 
Since  the  stress  distribution  in  Fig.  7 which  is  to  be  represented  by  Kr  is  a 
discontinuous  distribution  and  is  only  an  estimate,  then  a simple  expression 
for  Kr  is  called  for  and  is  given  as  follows 


Kr  = ^-ave(7ra)'/2  (5) 

where  er*-avC  is  the  average  value  of  the  redistributed  residual  stress  near 
the  crack  tip,  that  is,  over  the  range  a/2  < y < 3a/2.  Values  of  Kr  calcu- 
lated from  Eq  5 assuming  a shifted  residual-stress  distribution  as  indicated 
in  Fig.  7 and  using  <rR  = - 108  MN/m2  are  listed  in  Table  2.  Also  listed 


TABLE  2 — Values  of  Kr,  the  Ki  which  simulates  residual  stress. 


a , mm 

a/W 

Kr  from  Eq  5 with 
redistribution  MN/m3/2 

Kr  from  Eq  6 no 
redistribution  MN/m3/2 

3 

0.1 

-4.7 

-11.3 

6 

0.2 

-5.9 

-14.5 

9 

0,3 

-6.3 

-18.2 

12 

0.4 

-6.0 

-22.5 

15 

0.5 

-5.5 

-27.2 

are  values  from  the  following  expression  for  KR  based  on  the  assumption 
that  the  residual-stress  distribution  remains  unchanged  during  fatigue 
crack  growth 

(Kr)o~o  = 1/6  *R'YB{ayn  + (**'-  <tr)  Y,{a)'n  (6) 

In  Eq  6,  <jr  ' is  the  outer  fiber  stress  due  to  the  pure  bending  component 
of  the  residual  stress  distribution  (see  Fig.  2),  and  YB  and  YT  are  the  di- 
mensionless K\  factors  for  pure  bending  and  uniform  tension  [2,5].  Be- 
cause of  the  assumption  of  a residual-stress  distribution  which  does  not 
redistribute  with  crack  growth,  Eq  6 is  expected  to  be  most  appropriate 
for  small  values  of  a . Equation  6 describes  a superposition  of  the  K\  from 
the  pure  bending  component  of  the  residual-stress  distribution  and  the  K\ 
from  the  uniform  tension  component  of  the  distribution  (see  Fig.  2).  To- 
gether, these  simulate  the  K\  which  would  be  produced  by  the  linear  por- 
tion of  the  measured  residual-stress  distribution.  It  would  be  tempting  to 
use  Eq  6 to  represent  Kr  since  it  is  a bit  more  elegant.  But  it  does  not  in- 
clude the  effect  of  redistribution  of  residual  stress,  and,  as  will  be  discussed 
shortly,  it  is  not  supported  by  the  test  results. 
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Results  with  Redistribution  of  Residual  Stress 

Returning  to  the  discussion  of  Figs.  5 and  6,  the  data  plotted  using 
Eq  2,  which  is  the  conventional  method  for  determining  AK , result  in 
da/dN  values  at  low-AA^  which  are  lower,  by  up  to  a factor  of  10,  than 
those  from  stress-free  specimens  represented  by  the  straight  line.  Further, 
it  is  interesting  to  note  that  the  da/dN  values  remain  significantly  lower 
even  at  crack  depths  beyond  a/W  = 0.3.  Considering  that  the  residual 
stress  at  points  beyond  a/W  = 0.24  in  the  uncracked  specimen  was  a 
tensile  stress,  a simple  superposition  of  stress  would  predict  a higher  da/dN. 
When  the  data  are  plotted  using  the  method  indicated  by  Eqs  3 through  5 
which  includes  the  effect  of  residual  stress  and  a redistribution  of  residual 
stress,  then  the  da/dN  values  are  in  reasonable  agreement  with  the  stress- 
free  results.  If  the  effect  of  residual  stress  were  included  but  without  the 
assumption  of  redistribution  of  stress,  that  is,  using  Eq  6,  the  result 
would  not  make  sense.  In  fact,  if  the  Eq  6 values  are  used  to  calculate 
AK , negative  AK  values  result  in  some  cases. 

One  further  point  regarding  the  results  in  Figs.  5 and  6 should  be  dis- 
cussed. The  data  plotted  using  the  conventional  method  give  a clear  indi- 
cation that  the  effect  of  residual  stress  is  independent  of  crack  depth. 
Adjacent  points  on  the  smooth  curve  through  the  data  often  correspond 
to  crack  depths  which  differ  by  a factor  of  two  to  three,  as  indicated  by 
the  a/W  values  shown  for  selected  data  points.  We  view  this  crack  depth 
independence  as  further  support  for  the  residual-stress-redistribution 
model  used  to  interpret  the  results.  Crack  depth  independence  of  K{  asso- 
ciated with  the  residual  stress  can  be  visualized  if  the  stress  distribution  is 
considered  as  a local  closing  effect  on  the  crack  tip  which  occurs  over  an 
area  which  is  small  relative  to  crack  length.  For  relatively  deep  cracks, 
this  may  be  close  to  correct.  It  is  interesting,  although  perhaps  fortuitous, 
that  the  residual-stress  redistribution  approach  of  Eq  5 produces  a K\  which 
is  relatively  independent  of  crack  length  for  deep  cracks  (see  Table  2). 


Closing 

The  nature  of  the  results  obtained  in  the  tests  here  and  the  relevancy  of 
the  analysis  used  to  interpret  the  results  are  both  highly  dependent  on  the 
process  which  was  used  to  produce  the  residual  stress.  In  the  process  used 
here,  the  plastic  deformation  which  caused  the  residual  stress  was  remote 
from  the  area  of  fatigue  cracking.  A remote  source  of  residual  stress  is  a 
basic  requirement  for  the  redistribution  model  discussed  here.  A plastic 
deformation  process  can  be  conceived  which  would  produce  a similar  ini- 
tial residual-stress  distribution,  as  that  measured  in  the  specimens  here, 
but  which  would  include  plastic  deformation  in  the  area  of  subsequent 
fatigue  cracking.  Then,  as  the  crack  grows  through  the  area  of  plastic 
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deformation,  which  is  also  the  source  of  the  residual  stress,  a combination 
of  relief  of  residual  stress  and  redistribution  of  residual  stress  will  occur. 
The  effect  on  the  crack-growth  rate  could  be  quite  different  than  that  in 
the  specimens  here  with  a remote  source  of  residual  stress. 

Although  a rigorous  analysis  has  not  been  possible  in  this  work,  the 
results  obtained  demonstrate  that  the  behavior  of  fatigue  cracks  in  resid- 
ual stress  fields  can  be  described  using  fracture-mechanics  methods.  Fur- 
ther progress  will  depend  at  least  as  much  on  obtaining  a fuller  under- 
standing of  the  applied  mechanics  of  situations  of  interest,  as  on  the  ac- 
cumulation of  further  experimental  data.  Of  central  importance  will  be 
the  determination  of  the  nature  of  residual  stress  redistribution  in  loaded, 
cracked  bodies. 
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